We account for the solar and atmospheric neutrino problems by introducing maximal mixing between conventional neutrinos and sterile neutrino partners. We achieve this by invoking a seesaw-like mechanism which not only provides us with maximally mixed neutrino/sterile-neutrino mass eigenstates but also accounts for the relative suppression of the neutrino masses compared to the charged fermion masses. In obtaining such an extended seesaw mechanism we are required to introduce a new U (1) global symmetry together with an extended Higgs sector.
atmospheric and LSND) are real. Given this assumption, the discussion of the previous two paragraphs leads to the conclusion that the three known neutrino flavours are not sufficient to explain the totality of neutrino data. This in turn motivates the introduction of sterile neutrinos.
Degree of freedom minimality would be achieved by the introduction of only one sterile neutrino flavour ν s . Two different scenarios result: (i) 13 the solar neutrino problem can be solved through MSW 14 enhanced small angle ν e − ν s oscillations with δm 2 es ≃ 10 −5 eV 2 .
The atmospheric problem is solved by large-angle or maximal ν µ − ν τ oscillations with While the introduction of only one sterile flavour is minimal in regard to degrees of freedom, it probably is not the most theoretically elegant possibility. One would have to explain why there is a mismatch between active and sterile flavours. In addition, for scenario (i) above one would need to explain why ν e and ν µ have a small mixing angle whereas ν µ and ν τ have a large or maximal mixing angle. For scenario (ii) one would want to explain why the sterile flavour mixes primarily with ν µ rather than with ν e or ν τ , or in a comparable way with all three active flavours.
These issues of theoretical elegance motivate the introduction of three sterile flavours.
We will in addition suppose that the three active flavours are mixed amongst themselves through small angles. This is motivated by both the observed pattern of small mixing in the analogous quark sector and the LSND result. The atmospheric neutrino anomaly then requires that one of the sterile flavours has a large or maximal mixing angle with ν µ . A theoretical desire to maintain similarity between the generations then motivates that each of the active flavours is paired with a sterile flavour through large angle or maximal mixing.
The neutrino sector of the Exact Parity Model contains parity or mirror partners, ν ′ e , ν ′ µ and ν ′ τ , for each of the ordinary neutrinos 16 . Since parity eigenstates must also be Hamiltonian eigenstates, maximal mixing between ν α and its mirror partner ν ′ α (α = e, µ, τ ) is induced in the limit of small inter-generational mixing. The Exact Parity Model is therefore a concrete realisation of the general scenario described in the previous paragraph. The solar neutrino problem can be solved in a number of ways. (a) The first, simplest and in many ways most attractive way is via an energy independent 50% flux reduction through maximal ν e − ν ′ e oscillations in the large parameter range,
where the upper limit is the CHOOZ ν e disappearance bound. (b) Alternatively, vacuum "just-so" oscillations, which require essentially maximal mixing, can provide an energydependent flux reduction that fits the solar neutrino data well if δm 2 ee ′ is fine-tuned to the 10 −11 −10 −10 eV 2 regime 17 . (However, we disfavour this possibility because of the fine-tuning problem.) (c) It is also possible to take the inter-generational mixing parameters into the MSW range to achieve a good fit to the solar neutrino data 18 .
The atmospheric neutrino problem is analogously solved through maximal ν µ − ν ′ µ oscillations in the parameter range
(See Refs.
19 for more precise discussions of the allowed range.)
For solar neutrino scenarios (a) and (b) above, the LSND result is simply incorporated by switching on small angle mixing between ν e and ν µ with δm 2 eµ ≃ 0.1 − 10 eV 2 . It is at present not clear how consistent scenario (c) above is with the LSND data.
The purpose of the present paper is to construct analogous models using strictly sterile rather than mirror neutrinos. In addition to mirror neutrinos, the Exact Parity Model features parity partners for every standard fermion, gauge boson and Higgs boson. The mirror sector particles interact amongst themselves through mirror images of the usual strong and electroweak interactions. The ordinary and mirror sectors interact through neutrino mixing (if neutrinos have mass), photon-mirror-photon, Z-mirror-Z and Higgs-boson-mirror-Higgsboson mixing as well as gravitationally. The purpose of this paper is to construct a theory with essentially the same neutrino sector as the Exact Parity Model but without any of the other pieces of new physics. This is interesting to do for two main reasons. First, the discussion above has demonstrated how one arrives at essentially the Exact Parity Model neutrino sector through a combination of phenomenological and theoretical motivations without ever invoking parity symmetry as an explicit motivation. Second, it is interesting to see how elegant or inelegant a model will be which produces such a neutrino sector in the absence of exact parity symmetry. If, in a few years time, experiments unequivocally establish the existence of large angle mixing between active and sterile flavours, then the Exact Parity
Model will be in competition with the models to be constructed herein. In Sec.2 we will review why maximally mixed active and sterile neutrino pairs are a natural possibility in the Standard Model with right-handed neutrinos.
Before constructing the models, two remaining issues must be briefly addressed. First, solving the solar neutrino problem via an energy-independent 50% flux reduction is considered heterodox. This in turn suppresses active-sterile transitions via the matter-induced effective potential.
Reference 28 shows that a substantial region of parameter space exists where neutrino asymmetry creation inevitably suppresses the production of the sterile states that maximally mix with ν e and ν µ with δm 2 values motivated by the two neutrino problems. This scenario is thus cosmologically consistent due to a rather subtle but appealing piece of physics.
The remainder of this paper is structured as follows. In Sec.2 we review why maximally mixed active-sterile neutrino pairs are a natural possibility within the Standard Model aug-mented by right-handed neutrinos. In Sec.3 we develop mass matrices that produce both maximally mixed and light neutrinos. In Sec.4 we construct in detail a model which yields one of the suitable mass matrices, and we comment also on other possibilities. We conclude in Sec.5.
Maximally mixed active and sterile neutrino pairs in the Standard Model with right-handed neutrinos
It is interesting to note that maximal mixing between active and sterile flavours is actually a natural possibility within the Standard Model augmented by gauge-singlet right-handed neutrinos 29 . Consider the usual see-saw mass matrix 30 ,
where m is the neutrino Dirac mass and M is the bare Majorana mass for the right-handed neutrino. In the see-saw model the limit m ≪ M is considered for exemplary reasons.
However, the opposite limit m ≫ M is also interesting 29 . In this limit the mass eigenvalues
and the exact mixing angle is given by
The m ≫ M limit therefore produces mass eigenstates that are approximately maximal mixtures of the active ν L and the sterile (ν R ) c . Furthermore, the near degeneracy of the eigenvalues is correlated with near maximality for the mixing angle (θ ≃ π/4) in this limit, which is an attractive feature given that both the solar and atmospheric neutrino problems suggest oscillations between nearly degenerate neutrinos.
So, one could claim that the goal of this paper is simply achieved in the above manner.
However, the simple scenario above is not completely satisfactory as a theory of neutrino mass. As well as the hierarchy m ≫ M we also need m to be tiny compared to the other Dirac masses in the Standard Model in order to reproduce the correspondingly tiny neutrino masses required. A satisfactory theory of neutrino mass should explain why neutrinos are much lighter than all other fermions. The standard see-saw mechanism can obviously not be used. The models constructed in this paper will incorporate an extended see-saw mechanism for producing maximally mixed active and sterile neutrinos that are both also naturally very light.
Mass Matrices
The first task in finding maximally mixed neutrino/sterile-neutrino models is to search for suitable mass matrices. As in the usual see-saw mechanism 30 these matrices will include both Dirac and Majorana mass terms, and upon diagonalisation will lead to Majorana mass eigenstates. To find acceptable maximally mixed neutrino/sterile-neutrino models we must therefore embark upon a more or less mathematical exercise in that we wish to find matrices which upon diagonalisation satisfy the following three requirements: i) they must have eigenvectors which exhibit maximal mixing between the neutrino and the sterile neutrino;
ii) the neutrino must have a light see-saw suppressed eigenvalue, as in the usual see-saw mechanism; and finally, iii) the eigenvalues of the neutrino and the sterile neutrino must not be equal as we require non-degenerate masses to get oscillations.
Note that we will concentrate on the single generation case for simplicity. In order to solve the solar and atmospheric neutrino problems simultaneously we of course need at least two generations of maximally mixed active and sterile neutrinos with δm 2 values given by Eqs.1 and 2. We also need intergenerational mixing to be small in order to not perturb the active-sterile maximal mixing scenario too much. Recall that small intergenerational mixing is also suggested by the observed form of the Kobayashi-Maskawa matrix in the quark sector and by the LSND experiment. So, one can solve all three neutrino anomalies by replicating the one-generation neutrino sector we will construct below and introducing small intergenerational mixing.
In order to get see-saw suppressed eigenvalues, we must in addition to our sterile neutrino, introduce at least one exotic heavy neutral fermion into our model. In fact the simplest mass matrix which fulfils the above properties is the following
space, shown below together with its diagonalisation:
where the diagonalising unitary matrix U has the form,
Note that we have denoted our sterile neutrino as ν R and our massive exotic neutrino (which is also sterile) as N R , and in the interests of simplicity have expressed all masses in terms of Λ, the mass of the heavy exotic neutrino; i.e. a = m a /Λ. Thus a is very small and we are hence able to express the eigenvalues and eigenvectors in series expanded form to order a 3 and a 2 respectively. Although not necessary we have for simplicity also assumed that our masses are real. The mass eigenstates {ν 1 , ν 2 , ν 3 }, corresponding to the mass matrix shown in Eq(6) are given by
The above 3 × 3 matrix is however unsuitable for the purposes of model building as it requires that two of the off-diagonal entries appearing in the mass matrix, labelled a in Eq(6), be equal. This is essentially a requirement that the mass termsN R ν L andN R (ν R ) c be equal, which is only possible if we have an exact unbroken left-right symmetry. Such a left-right symmetric theory would however be at odds with the standard model and hence phenomenologically ruled out. We must hence turn our attention towards suitable 4 × 4 matrices.
The 2 × 2 null matrix appearing in the top left hand corner of the above 3 × 3 matrix turns out to be a fundamental requirement for any matrix which is to provide us with the required properties. It is essentially a generalisation to higher dimension of the null entry appearing in the 2×2 matrix in {ν L , (N R ) c } space featuring in the usual see-saw mechanism,
Any plausible 4 × 4 mass matrix is therefore expected to be a particular case of the following
In this case we have introduced two heavy sterile exotic neutral fermions N L and N R with both Dirac Λ, and Majorana Λ 1 and Λ 2 , mass terms. For simplicity we will again express The two mass matrices which we will be interested in require no symmetry between the mass terms. Instead they require the constraint that either m a = m d = 0 or m b = m c = 0, with the other two parameters being free subject to the condition that they be much less than Λ. We thus we need only explain the absence of two of the four masses, m a , m b , m c and m d , appearing in Eq(9), hence these matrices are desirable from a model building perspective.
Expanding in terms of the small parameters a, b, c, d, λ 1 , and λ 2 , these two matrices give the following diagonalisations,
where in this case the diagonalising unitary matrix U takes the form,
and,
where our diagonalising unitary matrix U looks like,
Note that in the above expressions we have expanded all but the first two entries in the diagonalised matrices to second order in the small parameters; the first two enteries have been expanded to higher order, owing to their increased phenomenological interest. The maximally mixed mass eigenstates {ν 1 , ν 2 , ν 3 , ν 4 } arising from the above matrices are in these cases given by,
From the above diagonalisation it can be seen that we will obtain our desired eigenvectors and eigenvalues if we have the mass hierarchy λ 1 , λ 2 , a, b, c, d << 1, and the condition that the ratios λ 1 b/c, λ 1 d/a, λ 2 c/b, and λ 2 a/d be much less than unity. Note that the Λ 1 and Λ 2 Majorana mass terms are required to break the degeneracy which would otherwise exist between the light eigenvalues.
In the next section we will show one way in which the standard model can be extended to account for and explain the mass matrices shown in Eq (10) and (12) . These two matrices are very much analogous, thus in the interests of simplicity we will initially concentrate on developing a model which gives us a mass matrix like that shown in Eq (10) . Models which will produce the mass matrix shown in Eq(12) will follow trivially.
The Model
To build an appropriate model we must first of all be able to explain the absence of the usual Dirac and Majorana mass terms one normally expects to be associated with the neutrino ν L and its sterile partner ν R , i.e. we must explain the 2 × 2 null matrix. The nonexistence of these mass terms can be explained if the Higgs scalars required to generate these masses are absent.
In addition to explaining the absence of these conventional mass terms, we must also explain the absence of two of the four possible couplings between N R,L and ν R,L . Both of these problems can be solved by introducing a new U(1) gauge group with a quantum number which we will label T . This new U(1) T symmetry will not only allow us to explain the absence of ν L − ν R mass couplings, but will also allow us to differentiate between the mass terms (m alL (N L ) c , m dNR (ν R ) c ) and (m blL N R , m cNL ν R ), as each class of mass term will transform differently under a U(1) T gauge transformation.
The desired neutral mass matrix can be obtained if we assign the following SU (3) 
The complete list of possible Dirac and Majorana type mass terms which can be generated between these neutral fermions are given below:
In our mass matrix we require that the following and only the following mass terms exist:
We can generate these terms to the exclusion of the other terms listed in Eq (16) by proposing the existence of the Higgs system,
with vacuum expectation values,
We have made the above assignment in such a way that the Dirac mass Λ associated with the mass termN L N R is a bare mass. This allows for a natural explanation for our required Having demonstrated how one might go about generating the required masses for the neutral fermion sector we must now turn our attention to the charged fermion sector. We wish to generate our charged fermion masses through Yukawa couplings involving the φ 2 ∼
(1, 2, 1, 1) Higgs as opposed to the usual standard model Higgs φ ∼ (1, 2, 1, 0) . Our charged fermions are thus given the following group assignments,
and our fermion mass generating Yukawa interactions take the form,
If the vacuum expectation values of φ 1 , φ 2 , and φ 3 are all of similar order, then the smallness of the neutrino mass can be explained in a manner analogous to that given in the standard see-saw mechanism, we retain the usual see-saw relation (17) it can be seen that the vacuum expectation values of φ 1 and φ 2 will spontaneously break our U(1) T symmetry. It is thus of interest whether our U(1) T group can be a local symmetry, or whether it is confined to be a global symmetry only. If it is a local symmetry then the Majoron-like Goldstone boson 31 will be eaten by the putative U(1) T gauge boson. If however it is a global symmetry we have to ensure that the Goldstone boson does not render our theory phenomenologically unacceptable. For our gauge group to be locally symmetric it must satisfy each of the five U(1) T anomaly cancellation conditions 32 : (20) that φ 1 and φ 3 do not couple to charged fermions, and that φ 1 and φ 3 have trivial electroweak quantum numbers and hence do not couple to the Z boson. Since φ 1 and φ 3 have trivial electroweak quantum numbers, it is fairly clear that the unphysical Goldstone boson eaten by the Z must be purely from φ 2 and thus the physical Goldstone boson associated with U(1) T breakdown will be constructed purely from φ 1 and φ 3 . We now explicitly check this reasoning by calculating the neutral mass matrices associated with the shifted Higgs fields.
We begin by writing the shifted Higgs fields as,
where the charged Higgs field φ + 2 has been set to zero since we know it is eaten by the W + boson. Upon substituting Eq(21) into the following expression for the potential of our three component Higgs sector,
and simplifying using the following constraints between v 1 , v 2 and v 3 , (the minimisation conditions of Eq (22)),
we obtain the following neutral Higgs mass matrices in (σ 1 , σ 2 , σ 3 ) and (σ
Upon diagonalising Eq (27) we find that we are left with two zero eigenvalues, one being associated purely with the σ ′ 2 boson, and the other being associated with one of the two mixed σ Finally we briefly consider how the mass matrix in Eq(12) can similarly be explained using a U(1) T extension to the standard model. To obtain this alternative maximal mixing inducing mass matrix we need to include the mass terms m alL (N L ) c , and m dNR (ν R ) c , but exclude the m cNL ν R , and m blL N R interactions. This is most easily done by changing the U(1) T group assignments of our exotic neutral fermions N L and N R from T = 1 to T = −1.
This is only a minor alteration to the above model which does not effect the Higgs sector or the subsequent analysis in any significant way.
Conclusion
We have effectively found two independent 4 × 4 mass matrices which upon diagonalisation give rise to approximately maximal ν L −ν R mixing 33 . Furthermore, a see-saw-like mechanism is used in order to explain why two of the four neutrino mass eigenvalues per generation are tiny. By employing such mass matrices for the first two generations, the solar and atmospheric neutrino anomalies can be solved by maximal active-sterile neutrino oscillations (and the LSND result can be incorporated by introducing small intergenerational mixing). (As explained in the Introduction, the potential problem thus created for Big Bang Nucleosynthesis is elegantly solved by using active-sterile neutrino oscillations in the early universe to create large neutrino asymmetries 28 .)
The two models developed to theoretically justify these two mass matrices both involve the introduction of an extended Higgs and neutral fermion sector, and a new global gauge group U(1) T . The spontaneous breakdown of U(1) T gives rise to a singlet-Majoron-like
Goldstone boson that poses no phenomenological difficulties.
The models presented in this paper should be contrasted with the Exact Parity Model 16 .
The latter solves the solar and atmospheric neutrino problems through maximally mixed ordinary and mirror neutrinos. While the models constructed above have fewer degrees of freedom than the Exact Parity Model, one has to conclude that the Exact Parity Model is more elegant and compelling due to the theoretical appeal of the unbroken parity symmetry. It is interesting to note that in principle cosmology could distinguish between the two scenarios. The neutrino asymmetry creation required to make both the sterile neutrino and mirror neutrino scenarios consistent with Big Bang Nucleosynthesis occurs only for certain regions of parameter space. The parameter space region for mirror neutrinos is larger than that for truly sterile neutrinos, as a comparison of the results of Ref. 28 and Ref. 34 shows. It could turn out that terrestrial experiments eventually pinpoint a region that makes mirror neutrinos cosmologically consistent but truly sterile neutrinos inconsistent.
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